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We study the sweep through the quantum phase transition from the superuid to the Mott state
for the Bose-Hubbard model with a time-dependent tunneling rate J(t). In the experimentally
relevant ase of exponential deay, J(t) ∝ e−γt, an adapted mean-eld expansion for large llings n
yields a saling solution for the utuations. This enables us to analytially alulate the evolution of
the number and phase variations (on-site) and orrelations (o-site) for slow (γ ≪ µ), intermediate,
and fast (non-adiabati γ ≫ µ) sweeps, where µ is the hemial potential. Finally, we derive
the dynamial deay of the o-diagonal long-range order as well as the temporal shrinkage of the
superuid fration in a persistent ring-urrent setup.
PACS numbers: 73.43.Nq, 03.75.Lm, 03.75.Kk, 05.70.Fh.
For many systems, the equilibrium properties (the
thermal ensemble at nite temperatures or the ground
state at zero temperature) are quite well understood.
However, stritly speaking, the equilibrium state applies
to purely stati situations only. For dynamial systems,
the adiabati theorem states that the atual quantum
state remains lose to the ground state (at zero temper-
ature) if the external time-dependene is slow enough,
i.e., muh slower than the internal frequenies of the sys-
tem determined by its energy gaps. If this adiabati-
ity ondition fails, however, non-equilibrium eets be-
ome important, leading to many intriguing phenomena.
For example, the usual split into the ground state plus
small quantum utuations around it is no longer unique,
whih usually leads to eets suh as the ampliation of
quantum utuations and the reation of quasi-partiles.
A prototypial example for suh a situation is a seond-
order quantum phase transition [1℄, f. Fig. 1. At the
ritial point, the energy gap vanishes and the response
time diverges. Consequently, sweeping through the phase
transition by means of a time-dependent external param-
eter 1/J(t) with a nite veloity dJ/dt < 0 inevitably
violates adiabatiity lose enough to the ritial point
and so generates non-equilibrium eets. Fostered by
the tremendous progress in the experimental apabilities,
there has been inreasing interest in quantum phenomena
at low temperatures in general and quantum ritiality in
partiular. In view of the reation of entanglement [2, 3℄,
quantum phase transitions are also relevant for quan-
tum information (the ontinuum limit of an adiabati
quantum algorithm represents just a sweep through a
quantum phase transition). Finally, dynamial quantum
phase transitions bear strong similarities to osmologial
phenomena: If the stable phase permits topologial de-
fets (symmetry-breaking transition), a quantum version
of the Kibble-Zurek mehanism may reate those defets
[4, 5, 6, 7, 8℄. In ase the initial spetrum ontains gapless
modes, their quantum utuations will generally be am-
plied in lose analogy to osmi ination [9, 10℄. Both
phenomena an be understood in terms of the emergene
of an eetive osmi horizon whih orresponds to the
loss of ausal onnetion and the breakdown of adiabati-
ity near the ritial point.
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FIG. 1: [Color online℄ Sketh (not to sale) of level struture
near the ritial point, i.e., plot of the energy of the ground
state (green solid line) and the energy gap (thin blue line) as a
funtion of the external parameter 1/J(t). Sine the response
time diverges at the ritial point J = Jc, adiabatiity breaks
down near the transition for any nite sweep veloity dJ/dt.
Hene the atual state |Ψ(t)〉 (red dashed line) slightly devi-
ates from the exat ground state already before the ritial
point J = Jc is reahed and nally lies energetially some-
where between the oherent state (dotted green line) and the
Mott state.
Besides the Ising model (whih an be solved analyti-
ally [1, 6℄), another arhetypial example is the quantum
phase transition between the superuid and the Mott
insulator state in the Bose-Hubbard model (where no
losed solution has been found). This model provides
a simplied desription for the problem of interating
bosons hopping on a lattie [11℄; its implementation with
atoms/moleules in optial latties [12℄, and the sub-
sequent experimental realization of the Mott-Hubbard
transition [13℄ has reently aused a large amount of re-
searh ativity [14℄. The superuid phase possesses a rih
spetrum ranging from topologial defets (e.g., kinks
in one dimension) to gapless quasi-partile exitations
(phonons) but the Mott state does not. Hene the (quan-
tum) Kibble-Zurek mehanism requires the dynamial
2transition from the Mott to the superuid state (quan-
tum melting) whereas the ampliation of the quantum
utuations of the phonon modes ours in the opposite
diretion (quantum freezing). The (mostly numerial)
studies thus far [8, 15℄ have been devoted to the rst
ase (quantum melting). Here, we study the dynamial
behavior of the superuid to Mott quantum phase tran-
sition starting, by ontrast to previous investigations,
from the superuid side of the transition. We thus in-
vestigate the quantum freezing of number utuations
[16, 17℄ and predit their dependene on the sweep rate γ.
The thereby reated number-squeezed state and its num-
ber utuations an be studied experimentally, for ex-
ample by the interferene of ondensates released from
dierent optial lattie wells [18℄. As further observables
representing the atual quantum state |Ψ(t)〉, to bring
out the dierene to either the superuid or Mott states
(f. Fig. 1), we derive the temporal evolution of the o-
diagonal long-range order and the superuid fration.
The Bose-Hubbard model with loal ontat intera-
tions is, on a rather general type of lattie, desribed by
the Hamiltonian
Hˆ = J(t)
∑
αβ
Mαβ aˆ
†
αaˆβ +
U
2
∑
α
(aˆ†α)
2aˆ2α . (1)
Here aˆ†α and aˆα denote the bosoni reation and an-
nihilation operators at the lattie site α. The energy
sale is set by the on-site repulsion U > 0 and the time-
dependent tunneling rate J(t) ≥ 0. The struture of the
lattie is enoded in the matrix Mαβ , whih is supposed
to obey the same (translational) symmetry group, e.g.,
for a one-dimensional hain with nearest-neighbor hop-
ping, we have Mαβ = δα,β − 12 (δα,β+1 + δα,β−1).
The initial state is the homogeneous superuid phase,
J ≫ Jc = O(U/n), see [19℄, with a large integer lling
n = 〈nˆα〉 ≫ 1 (where nˆα = aˆ†αaˆα), whih failitates a
partile-number onserving mean-eld expansion [20, 21℄
aˆα =
(
ψ0 + χˆα + ζˆα
)
Aˆ/
√
Nˆ , (2)
with Aˆ = aˆΣ(aˆ
†
Σ
aˆΣ)
−1/2Nˆ1/2 and Aˆ†Aˆ = Nˆ =
∑
α nˆα,
where aˆΣ =
∑
α aˆα. Here the main idea is to expand
the original operator aˆα into powers of n ≫ 1, onsider-
ing the (formal) limit n ↑ ∞ with the hemial potential
µ = Un remaining nite, i.e., U = O(1/n). The lead-
ing term is the order parameter ψ0 = O(
√
n) and the
quantum orretions χˆα = O(n0) orrespond to quasi-
partile exitations. For the validity of this expansion,
the remaining higher-order orretions ζˆα must be small
ζˆα ≪ O(n0). Inserting the above expansion (2) into the
equation of motion i~∂taˆα = J(t)
∑
β Mαβaˆβ + Unˆαaˆα
obtained from (1) and sorting into powers of n yields the
analogue of the Bogoliubov-de Gennes equations for the
exitations at site α (~ ≡ 1 throughout)
i∂tχˆα = J(t)
∑
β
Mαβχˆβ + 2U |ψ20 |χˆα + Uψ20χˆ†α , (3)
and for the remaining higher-order orretions
i∂tζˆα = J(t)
∑
β
Mαβ ζˆβ + 2U |ψ20 |ζˆα + Uψ20 ζˆ†α + (4)
+2Uψ0χˆ
†
αχˆα + Uψ
∗
0 χˆ
2
α + Uχˆ
†
αχˆ
2
α +O(Uζˆα) .
Deep in the superuid phase (our initial state), the
higher-order orretions ζˆα are small and the mean-eld
expansion (2) works very well. If we approah the Mott
phase, however, these orretions start to grow aord-
ing to Eq. (4) and, at some point, the mean-eld ex-
pansion (2) breaks down. The harateristi time-sale
of this breakdown an be estimated from the nonlinear
soure terms in Eq. (4) whih are suppressed to O(1/√n)
in view of U = O(1/n), ψ0 = O(
√
n) and χˆα = O(n0).
Hene (starting in the superuid phase), the higher-order
orretions remain small as long as Ut
√
n≪ 1, i.e., for
evolution times of order t = O(√n). Thus we an extra-
polate the mean-eld expansion even into the Mott phase
for some time t = O(√n), and follow the evolution of the
instabilities whih develop beause the superuid state is
no longer the ground state of the system.
The polar deomposition aˆα = exp{iφˆα}
√
nˆα yields
the linearized number utuations δnˆα via nˆα = n+ δnˆα
and aordingly the onjugate phase utuations δφˆα,
where χˆα = ψ0[δnˆα/(2n)+ iδφˆα]+O(1/
√
n). In terms of
these utuations δnˆα, Eq. (3) an be diagonalized by a
normal-mode expansion into the eigenvetors of the ma-
trix Mαβ labeled by the generalized momenta κ(
∂
∂t
1
J(t)
∂
∂t
+ 8λκ [Un+ 2J(t)λκ]
)
δnˆκ = 0 , (5)
where λκ are the orresponding eigenvalues of Mαβ.
For small λκ, the above evolution equation is analogous
to the modes of a quantum eld within an expanding
universe with the wavenumber k ∝ √λκ. Pursuing the
similarity a bit further, we get the analogue of a osmi
horizon with the horizon size
∆h(t) =
∞∫
t
dt′
√
J(t′)Un , (6)
if J(t) hanges fast enough [9, 10℄. Note that the up-
per integral limit should not be taken literally, sine it
must still be within the region of validity of the mean-
eld expansion. In ase an eetive horizon ours, its
size onstantly dereases. Hene all modes (with small
λκ) will qualitatively follow the same evolution  but at
dierent times: Initially, the wavelength of the modes is
well inside the horizon, λκ∆
2
h
≫ 1, and the modes os-
illate almost freely. At some point of time, however,
the onstantly shrinking horizon loses in, λκ∆
2
h = O(1),
and thus the ausal onnetion aross a wavelength is
lost. After that, the modes annot osillate anymore and
freeze. This proess leads to the ampliation of the ini-
tial quantum utuations via squeezing in analogy to the
3inationary epoh in the early universe [9, 10℄. We note
that these onsiderations show a major weakness of the
adiabatiimpulse approximation used in [7℄, sine modes
with dierent λκ beome non-adiabati at dierent times.
Sine the tunneling rate J depends exponentially on
the amplitude of the laser whih generates the opti-
al lattie [22℄, we shall onsider an exponential time-
dependene J(t) = J0 exp{−γt} in the following, whih
is implying the emergene of a quasipartile horizon a-
ording to Eq. (6). Furthermore, Eq. (5) reveals that λκ
an be absorbed by a suitable redenition of the time
oordinate in this ase, τκ = −4λκJ(t)/γ, leading to
(
∂2
∂τ2κ
+
[
1− 2
τκ
Un
γ
])
δnˆκ = 0 . (7)
The universal saling solution resulting from the above
equation onrms that modes with dierent λκ display
the same behavior, but at dierent times. The only re-
maining dimensionless parameter is the ratio ν = Un/γ
whih is a measure of the sweep veloity: ν ≫ 1 implies
a slow and ν ≪ 1 a fast (non-adiabati) sweep. The dif-
ferential equation (7) has a universal saling solution in
terms of Whittaker funtions [23℄
δnˆκ =
√
ne−πν/2Wiν,1/2(2iτκ) bˆκ + h.c. (8)
The quasi-partile operator bˆκ annihilates the adiabati
ground state bˆκ |in〉 = 0 at early times τκ ↓ −∞, where
the modes osillate like e±iτκ (whih an also be ob-
tained from the asymptoti behavior of the Whittaker
funtions). Aording to the arguments presented after
Eq. (4), the mean-eld expansion remains valid for inter-
mediate times with Ut
√
n≪ 1 but γt≫ 1, and hene an
be extrapolated to the late-time regime τκ ↑ 0 where
the funtions Wiν,1/2(2iτκ) approah a onstant value,
i.e., the number utuations freeze (J ↓ 0). Due to the
perfet saling solution, the frozen value is independent
of κ, but the deaying orretions do depend on λκ:
〈δnˆ2κ〉 ≡ 〈in| (δnˆκ)2 |in〉 = n
1− e−2πν
2πν
+O(tλκe−γt) . (9)
Sine the leading term is independent of κ, it just yields a
loal (∝ δα,β) ontribution after the mode sum (κ → α)
and thus leads to frozen on-site number variations
∆2(nα) = 〈nˆ2α〉 − 〈nˆα〉2 = 〈δnˆ2α〉 = n
1− e−2πν
2πν
. (10)
For a rapid sweep ν ≪ 1, this variation ∆2(nα) ap-
proahes a onstant value n, whih is harateristi of a
superuid phase with Poissonian number statistis [24℄.
For a slow sweep ν ≫ 1, the variation ∆2(nα) beomes
small, ∝ n/ν, and so approahes the behavior deep into
the Mott phase (with J ↓ 0), where ∆2(nα) = 0, f. [25℄.
For J ↓ 0, the energy 〈Hˆ〉 is basially determined by the
variation ∆2(nα) and hene this quantity desribes the
energeti loation of the nal state in omparison to the
oherent state and the Mott state, see Fig. 1.
The sub-leading orretions in 〈δnˆ2κ〉 depend on κ and
hene determine the o-site (α 6= β) number orrelations
whih deay exponentially for γt≫ 1
〈nˆαnˆβ〉 − 〈nˆα〉〈nˆβ〉 = 〈δnˆαδnˆβ〉 = O(γt e−γt) , (11)
where we have omitted nite-size eets (whih sale with
the inverse number of lattie sites), sine stritly speaking
the mode sum does not inlude the zero-mode κ = 0.
The onjugate phase utuations an be derived in an
analogous manner and are determined by the derivatives
of the Whittaker funtions dWiν,1/2/dτκ. As one would
expet [16℄, they do not freeze  but inrease:
〈δφˆ2κ〉 = ν
1− e−2πν
2πn
γ2t2 +O(γt lnλκ) . (12)
Again the leading (rst) term is independent of κ and
thus yields the on-site utuations 〈δφˆ2α〉 only (whih
generate the quadratially growing quantum depletion
〈χˆ†αχˆα〉 and anomalous term 〈χˆ2α〉). The seond term
is the leading κ-dependent ontribution and determines
the o-site phase orrelations 〈δφˆαδφˆβ〉.
The asent of the phase utuations an be understood
as a onsequene of the emergene of an eetive hori-
zon whih entails the loss of ausal onnetion between
dierent sites and thus the deay of the phase oher-
ene aross the lattie. As one interesting observable,
let us disuss the evolution of the o-diagonal long-range
order between sites α and β dened by the orrelator
〈aˆ†α(t)aˆβ(t)〉. Using the mean-eld results valid at inter-
mediate times with γt ≫ 1 but Ut√n ≪ 1 as the initial
onditions, we may derive the ensuing stages of the quan-
tum evolution, where the tunneling rate J(t≫ 1/γ)≪ 1
is exponentially small and an be negleted. In this
limit, the evolution of the operators an be approxi-
mated by daˆα/dt = −iUnˆαaˆα whih possesses the sim-
ple solution aˆα(t) = exp{−iUnˆ0αt}aˆ0α. Consequently, we
obtain 〈aˆ†α(t)aˆβ(t)〉 = n〈exp{iU(nˆα − nˆβ)t}〉 + O(
√
n).
The frozen rst-order number utuations δnˆα are in a
squeezed state whih an (for n ≫ 1) be approximated
by a (ontinuous) Gaussian distribution. For a Gaussian
variable X with 〈X〉 = 0, the exponential average yields
〈exp{iX}〉 = exp{−〈X2〉/2} and hene we get
〈aˆ†α(t)aˆβ(t)〉 ≈ n exp{−U2t2∆2(nα)} . (13)
Note that this expression is only valid for time sales
1/γ ≪ t≪ 1/U ; for Ut ∈ 2πN all the exponential fators
equal unity again and we have a revival of the phase o-
herene and thus long-range order similar to a spin eho.
(Note that we omit the oupling to the environment in
our derivation.) Furthermore, the above Gaussian deay
is independent of the distane between the sites α and β.
Sine the Fourier transform of 〈aˆ†α(t)aˆβ(t)〉 determines
4the struture fator S(k), the deay of the long-range or-
der (13) diretly orresponds to the temporal derease of
the peak in S(k) at k = 0. This dependene on time and
sweep rate an be observed with time-of-ight measure-
ments [26℄ (whih basially map out |S(k)|) by varying γ
and the time delay between the phase transition and the
release of the ondensate.
Let us alulate another simple experimental signa-
ture, whih involves just neighboring sites, namely the
superuid fration nsf/n. To this end, we speify our lat-
tie and hoose a one-dimensional ring-geometry α → ℓ
with the irumferene oordinate ℓ [27℄. In order to
generate a persistent urrent, we impose a small phase
gradient externally by trapping a ux quantum on the
ring: ψ0 =
√
n exp{−iµt + 2πiℓ/L}, where L≫ 1 de-
notes the number of sites. Naturally, for a dereasing
tunneling rate J(t), the indued urrent diminishes also.
In addition, the number of partiles ontributing to this
ux goes down  whih will be used as a measure for the
superuid fration. The ux an be determined by the
usual Noether urrent orresponding to the U(1) invari-
ane and is related to the nearest neighbor orrelation
funtion 〈aˆ†ℓaˆℓ+1〉. Hene, the shrinkage of the superuid
fration is given by the same [28℄ expression as in Eq. (13)
nsf
n
≈ exp
{
−U2t2n1− e
−2πν
2πν
}
. (14)
In the ase of a very rapid (impulse) sweep, ν ≪ 1, the
superuid fration deays with exp{−nU2t2}, i.e., inde-
pendent of γ. Conversely, for a slow sweep ν ≫ 1, the
deay takes muh longer: exp{−nU2t2/(2πν)}.
In onlusion, an adapted mean-eld expansion en-
ables us to analytially alulate the freezing of number
utuations and the growth of phase utuations during
an (exponential) sweep through the superuid → Mott
quantum phase transition. As further experimental sig-
natures, we predit the temporal deay of the superuid
fration nsf/n and of the entral k = 0 peak in the stru-
ture fator S(k).
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